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Abstract: We formulate p-brane Newton-Cartan background through the limiting proce-
dure from relativistic Dirac-Born-Infeld action and Wess-Zumino term. We also determine
action for unstable D(p+1)-brane in p-brane Newton-Cartan Background and study its
properties.
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1. Introduction and Summary
In the past few years there was renewed interest in the study of non-relativistic theories
especially in Newton-Cartan (NC) formulation. NC geometry was introduced by Cartan [1]
as to geometrise Newton’s laws of gravitation but last few years showed that this formalism
can be used in different areas of modern physics and it can be also extended in many
ways. For example, it was shown that torsional generalization of NC geometry which
possesses non-closed clock form was observed as boundary geometry in the context of
Lifschitz holography [2, 3, 4]. This geometry is known as type I torsional NC geometry
in terminology [5, 6]. This geometry also plays an important role in the context of the
non-relativistic string theory in torsional NC background [35, 9, 10, 11, 12, 13, 14, 15].
However there is another version of non-relativistic string theory in stringy NC background
[16, 17, 18, 19, 20, 21, 31, 23, 26]. This theory is defined by splitting target space dimensions
into longitudinal and transverse ones respectively. Say differently, while natural probe
object in NC background is point particle in case of the stringy NC theory this object is
fundamental string as was firstly shown in [16]. It was also argued there that this procedure
can be naturally generalized to the p+1 -dimensional object known as p-brane. Analysis
of this proposal was performed in [27, 31, 19]. On the other hand it is well known that
extended objects in string theories are Dp-branes 1 rather than ordinary p-branes. These
p + 1 dimensional objects are more general than p−brane since they couple to Ramond
Ramond (RR) forms and to Neveu-Schwarz form and also there is a gauge field that
propagates on their world-volume so that non-relativistic limit that defines corresponding
p−brane NC geometry is more difficult to implement. The goal of this paper is exactly to
do this procedure and also to extend it to the case of unstable D(p+1)-branes.
Let us be more explicit. We consider Dp-brane in general background with non-
trivial metric, NSNS two form and RR fields together with dilaton. Then we generalize
1For review and extensive list of references, see [24].
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limiting procedure introduced in [18] to the case of p + 1-dimensional probe when we
split target space coordinates to p + 1−longitudinal ones and 9 − p transverse ones and
choose corresponding form of the background metric and RR p + 1-form. We should also
choose appropriate scaling of the string length and NSNS two forms together with lower
dimensional RR forms so that non-relativistic D-brane has finite coupling to these fields.
As a result we obtain an action for non-relativistic Dp-brane in p-brane NC background.
As a check we show that in the special case p = 2 this non-relativistic D2-brane agrees
with the action that arises by dimensional reduction of non-relativistic M2-brane that was
analysed in [19].
As a next step in our analysis we focus on non-relativistic unstable D(p+1)-brane. In
the process of its definition we split target space coordinates into p+1−longitudinal ones as
in case of the stable p+ 1−brane since we treat T as an additional embedding coordinate
following previous work [32]. This is crucial difference with respect to the paper [31]
where the number of longitudinal dimensions coincide with the number of world-volume
dimensions of unstable Dp-brane. We also consider more general case with non-trivial
world-volume gauge field whose field strength has to be multiplied wish string length from
dimensional reason. As a result we get unstable D(p+1)-brane in general background. As
a check of our approach we study tachyon kink solution on its world-volume [33] and we
find that it corresponds to non-relativistic Dp-brane which is nice consistency check. We
further analyse this unstable D(p+1)-brane at the tachyon vacuum corresponding to the
case when the tachyon potential vanishes. This problem however is not well defined at the
Lagrangian level where Lagrangian vanishes and hence it is more natural to switch to the
Hamiltonian formalism [36, 37]. It was shown in these papers that in case of relativistic
unstable Dp-brane tachyon vacuum solution corresponds to the gas of fundamental strings.
We choose similar strategy in case of non-relativistic unstable D(p+1)-brane when we firstly
determine corresponding Hamiltonian. Then we study the tachyon vacuum solution and
we find not very satisfactory result that the Hamiltonian density does not correspond to
non-relativistic fundamental string. This fact has natural explanation when we take into
account that non-relativistic fundamental string is defined with the specific form of NSNS
two form that defines stringy NC geometry while in case of p-brane NC geometry this
NSNS two form is not specified.
Let us outline our results and suggest possible extension of our work. We found
non-relativistic Dp-brane action in p-brane NC gravity. We further derived an action for
unstable D(p+1)-brane and we analysed tachyon condensation on its word volume and we
showed that it results to stable Dp-brane. We also derived Hamiltonian for this unstable
D(p+1)-brane and we analysed its behaviour at the tachyon vacuum state. We found
that the resulting Hamiltonian density does not correspond to non-relativistic fundamental
string which differs crucially from the tachyon condensation in case of relativistic unstable
D(p+1)-brane. It would be certainly nice to understand this problem better and we mean
that possible resolution can be found when we take more general form of the limiting
procedure with non-trivial ansatz for NSNS two form as well. This problem is currently
under investigation.
This paper is organized as follows. In the next section (2) we find an action for non-
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relativistic Dp-brane in p-brane NC background. Then in section (3) we find similar action
for unstable D(p+1)-brane and study the tachyon kink solution on its worldvolume. In
section (4) we derive Hamiltonian form of this action and study tachyon vacuum solution.
2. Non-Relativistic Dp-brane action in p-brane Newton-Cartan Background
In this section we generalize our analysis of definition of M-brane non-relativistic action to
the case of Dp-brane as a probe. Explicitly, we start with the action for Dp-brae in string
theory that has the form
S = −τ˜p
∫
dp+1ξe−φˆ
√
− detAαβ + τ˜p
∫ ∑
i
Cˆ(i) ∧ el2s F˜+Bˆ , (2.1)
where τ˜p =
1
l˜
p+1
s
is Dp−brane tension and where φ˜ is dilaton. The WZ term can be
expanded as∫ ∑
i
Cˆ(i) ∧ el2sF˜+Bˆ =
=
∫
Cˆ(p+1) +
∫
Cˆ(p−1) ∧ (l2s F˜ + Bˆ) +
1
2
∫
Cˆ(p−3) ∧ (l2s F˜ + Bˆ) ∧ (l2sF˜ + Bˆ) + . . . ,
(2.2)
and where Cˆ(p+1) is a pull-back of p+ 1-form to the world-volume of Dp-brane
Cˆ(p+1) = Cˆµ1µ2...µp+1dx
µ1 ∧ dxµ2 ∧ . . . ∧ dxµp+1 =
=
1
(p+ 1)!
ǫα1α2...αp+1Cˆµ1µ2...µp+1∂α1x
µ1∂α2x
µ2 . . . ∂αp+1x
µp+1 . (2.3)
Further, xµ(ξ), µ, ν = 0, 1, . . . , 9 are world-volume fields that parameterise an embedding
of Dp-brane in target space-time with the metric Gµν so that (p+1)× (p+1) matrix Aαβ
has the form
Aαβ = Gµν∂αx
µ∂βx
ν +Bµν∂αx
µ∂βx
ν + l˜2sF˜µν , (2.4)
where ∂α ≡ ∂∂ξα and where ξα , α, β = 0, 1, . . . , p parameterise world-volume of Dp-brane.
With the help of this action we proceed to the definition of non-relativistic limit,
following [34] and [18]. The starting point is to express metric Gµν with the help of the
vierbein Eˆ Aˆµ so that
Gµν = Eˆ
Aˆ
M Eˆ
Bˆ
ν ηAˆBˆ , Eˆ
Aˆ
µ Eˆ
µ
Bˆ
= δAˆ
Bˆ
, Eˆ
µ
Aˆ
Eˆ Aˆν = δ
µ
ν . (2.5)
We define p-brane Newton-Cartan background as the generalization of stringy Newton-
Cartan background. Explicitly, we split target-space indices Aˆ into Aˆ = (A,A′) where now
A = 0, 1, , . . . , p and A′ = p + 1, . . . , 9. Then we introduce following parametrization of
relativistic vierbein [18]
Eˆ Aµ = X
A
µ +
1
ω
m Aµ , X
A
µ = ωτ
A
µ −
1
ω
C Aµ , Eˆ
A′
µ = E
A′
µ , (2.6)
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where ω is free parameter that we take to infinity when we define non-relativistic limit.
Further, C Aµ are arbitrary functions which do not show up in the geometrical objects of
the brane Newton-Cartan geometry that will originate from the limiting procedure as was
shown in case of stringy NC geometry in [18]. Further, using (2.5) and taking the limit
ω →∞ we obtain following important relations
E A
′
µ E
µ
B′ = δ
A′
B′ , E
A′
µ E
ν
A′ = δ
ν
µ − τ Aµ τνA , τµAτ Bµ = δBA , τµAE A
′
µ = 0 , τ
A
µ E
µ
A′ = 0 .
(2.7)
Then with the help of (2.6) we obtain following form of the metric
Gˆµν = Eˆ
A
µ Eˆ
B
ν ηAB + Eˆ
A′
µ Eˆ
B′
ν δA′B′ =
= ω2τµν + h¯MN − (τ Aµ C Bν + τ Aν C Bµ )ηAB +
1
ω2
(m Aµ − C Aµ )(m Bν − C Bν )ηAB ,
(2.8)
where we defined
h¯µν = hµν + τ
A
µ m
B
ν ηAB +m
A
µ τ
B
ν ηAB , τµν = τ
A
µ τ
B
ν ηAB . (2.9)
As the next step we presume that Ramond-Ramond fields have following form and scaling
Cˆ(p+1)µ1...µp+1 = e
−φˆX A1µ1 . . . X
Ap+1
µp+1 ǫA1...Ap+1 + ω
kp+1C(p+1)µ1...µp+1 , Cˆ
(p−1)
µ1...µp−1
= ωkp−1C(p−1)µ1...µp−1 ,
(2.10)
where kp+1, kp−1, . . . will be determined from the requirement that these terms give finite
contribution to the resulting non-relativistic action.
Finally we will presume that NSNS two form, world-volume gauge field and string
length scale as
Bˆµν = ωBµν , A˜µ =
1
ω
Aµ , l˜s = ωls . (2.11)
Now the object τ Aα = τ
A
µ ∂αx
µ is (p+1)× (p+1) matrix that in adapted coordinates
is equal to τ Aα = diag(1, . . . , 1). Hence it is natural to presume that the matrix τ
A
α is
non-singular so that aαβ = τ
A
α τ
B
β ηAB is non-singular too. Then we can introduce inverse
a˜αβ that obeys
aαβ a˜
βγ = δγα . (2.12)
Then we easily obtain
τ˜pe
−φˆ√− detAαβ =
= τpe
−φˆ√− detaαβ
(
1 +
1
2ω2
a˜αβh¯αβ −
1
2ω2
a˜αγ(τ Aγ C
B
α + τ
A
γ C
B
α )ηAB−
− 1
4ω2
a˜αγ(l2sFγδ +Bγδ)a˜
δω(l2sFωα +Bωα)
)
.
(2.13)
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As we argued above the matrix τ Aα is non-singular with inverse matrix τ
α
A that obeys
τ Aα τ
β
A = δ
β
α , τ
A
α τ
α
B = δ
A
B . (2.14)
Hence a˜αβ = ταAτ
β
Bη
AB and hence
a˜αβτ Aβ = τ
α
Cη
CA . (2.15)
As the next step we analyse contribution from the coupling to RR field
τ˜pCˆ
(p+1) =
1
ωp+1
τpe
−φˆ 1
(p+ 1)!
ǫα1...αp+1X A1α1 . . . X
Ap+1
αp+1 ǫA1...Ap+1 +
1
ωp+1
τpω
kp+1C(p+1) =
=
1
ωp+1
τpe
−φˆ detX Aα + ω
kp+1−(p+1)τpC
(p+1) =
= τpe
−φˆ det τ Bα det(δ
A
B −
1
ω2
τ
γ
B C
A
γ ) + ω
kp+1−(p+1)τpC
(p+1) =
= τpe
−φˆ det τ Aα (1−
1
ω2
τ αA C
A
α ) + +ω
kp+1−(p+1)τpC
(p+1) ,
(2.16)
where X Aα = X
A
µ ∂αx
µ. We see that in order to have finite WZ term in the action we have
to impose condition
kp+1 = p+ 1 . (2.17)
In case of the lower dimensional RR fields we find, taking into account expansion of the
exponential function and the fact that l˜2sF˜αβ + Bˆαβ = ω(l
2
sFαβ +Bαβ) we obtain
kp−1 = p , kp−3 = p− 1 , . . . (2.18)
finally we see that in order to keep finite part of the action we have to have following scaling
of dilaton in the form
φˆ = φ− 2 lnω . (2.19)
Collecting these results we obtain an action for non-relativistic Dp-brane in the form
S = −τp
∫
dp+1ξ
√
− detae−φ
[
1
2
a˜αβh¯αβ −
1
4
a˜αγ(l2sFγδ +Bγδ)a˜
δω(l2sFωα +Bωα)
]
+
+τp
∫
dp+1ξ(C(p+1) + C(p−1) ∧ (l2sF +B) + . . .) .
(2.20)
Note that for the special case p = 2 this action coincides with non-relativistic D2-brane
action that was derived with the help of the dimensional reduction of non-relativistic M2-
brane in [19].
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3. Non-Relativistic Unstable D(p+1)-brane
In this section we find an action for non-relativistic unstable D(p+1)-brane in stringy NC
background by appropriate limiting procedure. Recall that the tachyon effective action has
the form 2 [28, 29, 30]
SNBPS = −τ˜unstp+1
∫
dp+2ξe−φˆV (T )
√
− detA+ τ˜unsp+1
∫ ∑
i
V (T )l˜sdT ∧ C˜(i)∧el2sF˜+B˜ , (3.1)
where T is tachyon that propagates on the world-volume of unstable D(p+1)-brane whose
kinetic term is contained in the matrix A
Aαβ = Gµν∂αx
µ∂βx
ν + l˜2s∂αT∂βT + l˜
2
sFαβ + Bˆµν∂αx
µ∂βx
ν . (3.2)
Finally V (T ) is tachyon potential that is even function of T with the minimum V (Tmin) = 0
for Tmin = ±∞ and V (Tmax) = 1 for Tmax = 0.
For reasons that will be clear from discussion below we split target-space indices in
the same way as in case of stable Dp-brane, explicitly we split target-space indices Aˆ into
Aˆ = (A,A′) where now A = 0, 1, . . . , p and A′ = p+ 1, . . . , 9. Then we introduce following
parametrization of relativistic vierbein as in (2.6) with the metric given in (2.8). Further,
RR fields, NSNS two forms and scaling of remaining world-volume fields are given in (2.10)
and (2.11). Note due to the fact that unstable D(p+1)-brane contains potential which is
function of T and we want this function to be preserved in non-relativistic limit as well
it is natural to keep T the same without scaling. Finally since an unstable D(p+1)-brane
tension is equal to τ˜unsp+1 =
√
2
l˜
p+2
s
we see that it scales as
τ˜unsp+1 =
1
ωp+2
τunsp+1 . (3.3)
With the help of these result we find that the matrix Aαβ has the form
Aαβ = ω
2(ταβ + ∂αT∂βT ) + ω(l
2
sFαβ +Bαβ) + h¯αβ −
−(τ Aα C Bβ + τ Aβ C Bα )ηAB +
1
ω2
(m Aα − C Aα )(m Bβ − C Bβ )ηAB .
(3.4)
As the next step we focus on the following expression
ταβ + ∂αT∂βT = T
Aˆ
α ηAˆBˆT
Bˆ
β ,
(3.5)
where we introduced object T Aˆα = (τ
A
α , ∂αT ) and metric ηAˆBˆ = diag(−1, 1, . . . , 1, 1). Now
the object T Aˆα is (p + 2) × (p + 2) matrix. We presume that it is non-singular so that
tαβ = T
Aˆ
α T
Bˆ
β ηAˆBˆ is non-singular too. Then we can introduce inverse t˜
αβ that obeys
tαβ t˜
βγ = δγα . (3.6)
2For review, see[25].
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If we proceed as in previous section we obtain
τ˜unsp+1e
−φˆ√− detAαβ =
= τunsp+1e
−φˆ√− det tαβ
(
1 +
1
2ω2
t˜αβh¯αβ −
1
2ω2
t˜αγ(τ Aγ C
B
α + τ
A
α C
B
γ )ηAB−
− 1
4ω2
t˜αγ(l2sFγδ +Bγδ)t˜
δω(l2sFωα +Bωα)
)
.
(3.7)
Since T Aˆα is non-singular it has an inverse matrix
Tα
Bˆ
, T Aˆα T
β
Aˆ
= δβα , T
Aˆ
α T
α
Bˆ
= δAˆ
Bˆ
(3.8)
Before we proceed further we perform following extension. We define XTα = ω∂αT − 1ωC Tα
where C Tα = 0. Then we can analyse leading part of WZ term in the following way
τ˜unsp+1l˜sdT ∧ Cˆ(p+1) =
1
ωp+2
τunsp+1e
−φˆ 1
(p+ 1)!
ǫα1...αp+2 l˜s∂α1TX
A2
α2
. . . X
Ap+2
αp+2 ǫA2...Ap+2 +
+
1
ωp+1
τunstp+1 ω
kp+1lsdT ∧ C(p+1) =
= τunstp+2 e
−φˆ detT Aˆα −
1
ω2
τunstp+2 e
−φˆTα
Aˆ
CAˆα + ω
kp+1−p−1τunstp+1 lsdT ∧ C(p+1) .
(3.9)
We see that two leading order terms in DBI action and WZ action cancel each other.
Further, in order to have finite WZ term in the action we have to impose condition
kp+1 = p+ 1 . (3.10)
Since C Tα = 0 we can write
τ Aα C
B
β ηAB = T
Aˆ
α C
Bˆ
β ηAˆBˆ (3.11)
so that
t˜αβτ Aα C
B
β ηAB = t˜
αβT Aˆβ C
Bˆ
α ηAˆBˆ = T
α
Aˆ
C Aˆα (3.12)
and hence we see that all terms proportional to C Aα cancel each other. Further, in case of
the lower dimensional RR fields we find, taking into account expansion of the exponential
function and the fact that l˜2sF˜αβ + B˜αβ = ω(l
2
sFαβ +Bαβ) that
kp−1 = p , kp−3 = p− 1 , . . . . (3.13)
Finally we see that in order to keep finite part of the action we have to have following
scaling of dilaton in the form
φˆ = φ− 2 lnω . (3.14)
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As a result we obtain an action for unstable D(p+1)-brane in the form
S = −τunstp+1
∫
dp+2ξe−φV (T )
√
− det t
[
1
2
t˜αβh¯αβ −
1
4
t˜αγ(l2sFγδ +Bγδ)t˜
δω(l2sFωα +Bωα)
]
+
+ τunstp+1
∫
dp+2ξlsV (T )dT ∧ (C(p+1) + C(p−1) ∧ (l2sF +B) + . . .) .
(3.15)
We would like to stress a crucial difference between this action and the action studied in [31].
The crucial fact is the action (3.15) depends on the derivative of tachyon through the matric
t and that even if the action is p+ 2 dimensional we work with τ Aµ where A = 0, 1, . . . , p.
This is natural choice since T can be considered as an additional coordinate, see for example
[32]. As a check of our proposal we will study tachyon kink solution in the next section.
4. Stable Dp-Brane as Gauge Fixed Unstable D(p+1)-Brane
We are going to argue that tachyon kink solution corresponds to stable non-relativistic
Dp-brane. To do this we will follow [32] and interpret stable Dp-brane as gauge fixing
unstable D(p+1)-brane that is stretched along one spatial dimension, ξp+1 ≡ y. In this
case we can presume that T = f(y) and all remaining fields do not depend on y as well.
We further partially fix the gauge and impose condition Ay = 0. Let us denote remaining
world-volume coordinates as ξαˆ , αˆ, βˆ = 0, 1, . . . , p. Then the matrix tαβ has the form
t
αˆβˆ
= tˆ
αˆβˆ
, tˆ
αˆβˆ
= τ
αˆβˆ
, tαˆy = 0 , tyy = l
2
sf
′2 , (4.1)
where we presume T = f(y). Then clearly
det t = l2sf
′2 det tˆ , t˜αβ =
(
tˆαˆβˆ 0
0 1
f ′2
)
. (4.2)
Inserting this ansatz into the action (3.15) and using the fact that
h¯yα = 0 , Fyα = 0 (4.3)
we get
S = −τunstp+1 ls
∫
dyf ′V (f)
∫
dp+1ξe−φ
√
− deta
[
1
2
a˜αˆβˆ h¯
αˆβˆ
−
− 1
4
a˜αˆγˆ(l2sFγˆδˆ +Bγˆδˆ)a˜
δˆωˆ(l2sFωˆαˆ +Bωˆαˆ)
]
+
+τunstp+1 ls
∫
dyf ′V (f)
∫
dp+1ξ(C(p+1) + C(p−1) ∧ (l2sF +B) + . . .)
(4.4)
so that when we identify
τp = τ
unst
p+1 ls
∫
dyf ′(y)V (f) (4.5)
we see that (4.4) corresponds to the action of non-relativistic Dp-brane action that was
introduced in previous section.
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5. Hamiltonian Formalism
We showed in the previous section that the tachyon kink solution on the world-volume
of unstable non-relativistic D(p+1)-brane corresponds to stable non-relativistic Dp-brane.
However there is a question of the fate of this unstable object when the tachyon is in its
minimum everywhere on its worldvolume. We know that in case of relativistic unstable Dp-
brane the tachyon vacuum corresponds to the gas of fundamental strings with agreement
with the basic picture of the tachyon condensation [25, 36, 37]. It is natural to ask whether
similar behaviour occurs in case of non-relativistic D(p+1)-brane as well. In order to answer
it we shall find Hamiltonian for this unstable D(p+1)-brane.
Recall that the action for non-relativistic unstable D(p+1)-brane has the form
S = −τunstp+1
∫
dp+2ξe−φV (T )
√
− det t
[
1
2
t˜αβh¯αβ −
1
4
t˜αγ(l2sFγδ +Bγδ)t˜
δω(l2sFωα +Bωα)
]
,
(5.1)
where we restrict ourselves to the case of vanishing RR field. To proceed further let us
elaborate following point. We have non-singular matrix T Aˆα so that
tαβ = T
Aˆ
α T
Bˆ
β ηAˆBˆ , (5.2)
we can proceed further and introduce xM = (xµ, T ) so that
T Aˆα = ∂αx
MT AˆM . (5.3)
We also extend h¯µν as h¯MN = (h¯µν , 0) so that
h¯αβ = ∂αx
M h¯MN∂βx
N . (5.4)
Then √
− det t = detT Aˆα , t˜αβ = TαAˆT
β
Bˆ
ηAˆBˆ . (5.5)
Now
δtαβ
δ∂0xM
= δ0αT
Aˆ
M T
Bˆ
β ηAˆBˆ + T
Aˆ
α ηAˆBˆT
Bˆ
M δ
0
β ,
δt˜αβ
δ∂0xM
= −tαγT Aˆγ ηAˆBˆT BˆM t0β − tα0T AˆM T Bˆδ ηAˆBˆtδβ
δ detT Aˆα
δ∂0xM
= T AˆM T
0
Aˆ
detT Aˆα .
(5.6)
Then we have following conjugate momenta
pM =
δL
δ∂0xM
= −τunstp+1 e−φV T AˆM T 0Aˆ detT
Aˆ
α X+
+τunstp+1 e
−φV detT Aˆα [t˜
0βT BˆM ηBˆAˆT
Aˆ
γ t˜
γαh¯αβ + h¯MN∂αx
N t˜α0 −
−T AˆM ηAˆBˆT Bˆγ′ t˜γ
′αFαω t˜ωδFδγ t˜γ0 +BMN∂δxN t˜δωFωαt˜α0] ,
(5.7)
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where
X =
1
2
t˜αβh¯αβ −
1
4
t˜αγFγδ t˜δωFωα , Fαβ = l2sFαβ +Bαβ . (5.8)
Further, momentum conjugate to Aα is equal to
πα =
δL
δ∂0Aα
= τunstp+1 l
2
se
−φV detT Aˆα t˜
αγFγδ t˜δ0 .
(5.9)
Now since Fαβ = −Fβα we immediately obtain primary constraint π0 ≈ 0. Then with the
help of πi defined above we can introduce ΠM as
ΠM = pM − l−2s BMN∂ixNπi = −τunstp+1 e−φV T AˆM T 0Aˆ detT
Aˆ
α X+
+τunstp+1 e
−φV detT Aˆα [t
0βT Bˆβ ηBˆAˆT
Aˆ
γ t
γαh¯αβ + h¯MN∂αx
Ntα0] .
(5.10)
Now we have to introduce metric hMN . Since
T AˆM =
(
τ Aµ 0
0 1
)
(5.11)
we see that it is natural to choose hMN as
hMN =
(
hµν 0
0 0
)
≡ EMA′ENB′δA
′B′ (5.12)
and also TM
Bˆ
as
TM
Bˆ
=
(
τ
µ
A 0
0 1
)
, TM
Aˆ
T BˆM = δ
Bˆ
Aˆ
(5.13)
that obeys the relation
hMNT AˆN = 0 . (5.14)
Let us introduce following object
E˜ A
′
M = E
A′
M −m BˆN ENC′δC
′A′τ AˆM ηAˆBˆ , T˜
M
Aˆ
= TM
Aˆ
− hMNm BˆN ηBˆAˆ (5.15)
that clearly obeys
T˜MAE˜
A′
M = 0 , E˜
A′
M δA′B′E˜
B′
N = h¯MN + τ
Aˆ
M ΦAˆBˆτ
Bˆ
N , T˜
M
Aˆ
T BˆM = 0 , (5.16)
where
Φ
AˆBˆ
= −TM
Aˆ
m CˆM ηCˆBˆ − ηAˆCˆm CˆM TMBˆ + ηAˆCˆm
Cˆ
M h
MNm DˆN ηDˆBˆ . (5.17)
Then we obtain
ΠMh
MNΠN = (τ
unst
p+1 e
−φV detT Aˆα )
2t˜0α∂αx
N E˜ A
′
N δA′B′E˜
B′
M ∂βx
M t˜β0
(5.18)
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and also
ΠM T˜
M
Aˆ
= −τunstp+1 e−φV detT Aˆα T 0AˆX+ τ
unst
p+1 e
−φV detT Aˆα t˜
0βη
AˆBˆ
T Bˆγ t˜
γαh¯αβ −
−τunstp+1 e−φV detT Aˆα ΦAˆBˆτ BˆN ∂αxN t˜α0 − τunstp+1 e−φV detT Aˆα ηAˆBˆT Bˆβ t˜βαFαω t˜ωδFδγ t˜γ0 .
(5.19)
Let us multiply this result with the expression
τunstp+1 e
−φV
(p+ 1)!
ηAˆAˆ0ǫ
Aˆ0Aˆ1...Aˆp+1
T Aˆ1i1 . . . T
Aˆp+1
ip+1
ǫi1...ip+1 . (5.20)
Then, after some tedious algebra, we obtain
ΠMT
M
Aˆ
τunstp+1 e
−φV
(p+ 1)!
ηAˆAˆ0ǫ
Aˆ0Aˆ1...Aˆp+1
T Aˆ1i1 . . . T
Aˆp+1
ip+1
ǫi1...ip+1 −ΠMhMNΠN =
= −(τunstp+1 e−φV 2)(det tˆijX+ det tˆt˜0αFαω t˜ωδFδγ t˜γ0) .
(5.21)
To proceed further we have to introduce explicit form of inverse matrix t˜αβ
t˜00 =
det tˆij
det t
, t˜0i = −t0ktˆkj
det tˆij
det t
,
t˜i0 = −tˆiktk0
det tˆij
det t
, t˜ij = tˆij +
det tˆij
det t
tˆiktk0t0ltˆ
lj ,
(5.22)
where tˆij is (p + 1)× (p + 1) matrix inverse to tˆij so that
tˆij tˆjk = δ
i
j . (5.23)
With the help of these formulas we obtain
ΠMT
M
Aˆ
τunstp+1 e
−φV
(p+ 1)!
ηAˆAˆ0ǫ
Aˆ0Aˆ1...Aˆp+1
T Aˆ1i1 . . . T
Aˆp+1
ip+1
ǫi1...ip+1 − 1
2
ΠMh
MNΠN +
1
2
(τunstp+1 e
−φV )2 det tˆtˆijE˜ A
′
i E˜
B′
j δA′B′ −
1
2
det tˆηABΦAB =
−(τunstp+1 e−φV )2(−
1
4
det tˆt˜αγFγω t˜ωδFδα + det tt˜0αFαω t˜ωδFδγ t˜γ0) .
(5.24)
As the last step we use the fact that
Fαδ t˜
δ0 =
1
τunstp+1 l
2
se
−φV
tαγπ
γ (5.25)
so that
t˜αγFγδ t˜δωFωα =
2
(τunstp+1 e
−φV )2 det t˜
πit˜ijπ
j + tˆijFjk tˆklFli .
(5.26)
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Then collecting there terms together we obtain desired result which is the Hamiltonian
constraint
Hτ = −ΠMTMAˆ
τunstp+1 e
−φV
(p+ 1)!
ηAˆAˆ0ǫ
Aˆ0Aˆ1...Aˆp+1
T Aˆ1i1 . . . T
Aˆp+1
ip+1
ǫi1...ip+1 − 1
2
ΠMh
MNΠN +
1
2
πitˆijπ
j +
+
1
2
(τp+1e
−φV )2 det tˆ[tˆijE˜ A
′
i E˜
B′
j δA′B′ + η
ABΦAB +
1
2
tˆijFjk tˆklFli] ≈ 0 .
(5.27)
It is clear that it case of stable D(p+1)-brane the Hamiltonian constraint has the same
form when replace τunstp+1 with τp+1 and when we impose V (T ) = 1. Alternatively, we
can get Hamiltonian for stable Dp-brane by gauge fixing as was performed in section
(3) in Lagrangian formalism. However we are mainly interested in the tachyon vacuum
condensation that corresponds to configuration
T = Tmin , V (Tmin) = 0 . (5.28)
In order to see the fate of the tachyon vacuum state let us insert these values into the
Hamiltonian constraint given above. In this case the Hamiltonian constraint takes the
form
Hτ (T = Tmin) =
1
2
Πµh
µνΠν + π
itˆijπ
j ≈ 0 . (5.29)
We see that this result does not correspond to either relativistic or non-relativistic string.
This is rather unsatisfactory result especially when we compare with the vacuum tachyon
condensation in case of relativistic unstable D-brane [36, 37] where it was shown that
the tachyon vacuum state corresponds to the gas of fundamental strings whose equations
of motion can be easily derived from the Hamiltonian constraint for unstable Dp-brane
evaluated at the tachyon vacuum. Recall that similar situation occurs in case of the un-
stable Dp-brane in torsional NC background as was recently shown in [35]. We mean that
this unsatisfactory result with the tachyon condensation on the world-volume of unstable
D(p+1)-brane in p-brane NC background has its origin in the way we define these objects
when we cancel divergence in DBI part of the action with an appropriate term in WZ term
while non-relativistic string is defined by similar procedure however with an appropriate
NSNS two form. For that reason we expect that satisfactory result of the vacuum tachyon
condensation on the world-volume of non-relativistic D(p+1)-brane could be achieved when
we consider more general form of the limiting procedure with non-trivial RR and NSNS
two forms. This situation is currently under study.
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